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ABSTRACT: A cascade model for the network of coupled
two-component polymer gels is presented. The network for-
mation is assumed to be primarily due to the interaction
between the functional groups of two unlike polymers. The
gel modulus G versus polymer concentration C curve is
constructed using the cascade formalism. The variation of G
versus C curves with respect to the concentration ratio r of
the two components is found to be the characteristics of
mixed gels. The model parameters can be obtained by fitting
G versus C curves using a nonlinear least-squares method
(the gel-modulus approach). The approach is applied to the
experimental data for galactomannan/xanthan and gluco-
mannan/xanthan mixed gels. Finally we discuss the gel

point predicted by the cascade model. The critical concen-
tration C0 for the gel point is strongly dependent on r and
the functionalities for both polymers. The C0 versus r curve
is easily obtained by experiment, and can be used to evalu-
ate the model parameters (the gel-point approach). The ex-
perimental data for galactomannan/xanthan mixed gels is
tested to demonstrate the validity of the gel-point approach.
The advantages and limitations of both approaches are dis-
cussed. © 2005 Wiley Periodicals, Inc. J Appl Polym Sci 99:
2771–2781, 2006
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INTRODUCTION

Polymer gels can be considered as a network consist-
ing of polymer chains interconnected by a number of
junction points, with a large amount of solvent en-
closed within. According to the mechanism of net-
work formation, polymer gels are grouped in two
classes, chemical gels and physical gels. The junction
point for a chemical gel is produced via covalent
bonding. On the other hand, junction zones are
formed in a physical gel due to weakly interacting
forces, such as hydrogen bonds, van der Waals forces,
and ionic interactions. The elasticity of a polymer gel
is due to the tendency of the polymer network to
restore its original dimensions when applied forces
are removed. Several models have been developed to
describe the structure of the polymer network and
explore its relation to the gel elasticity.1–5 The cascade
model is currently used as one of the most successful
models in analyzing the elastic behavior for a variety
of single-component polymeric physical gels.6,7 How-
ever, its ability to model the network for a two-com-
ponent polymeric physical gel has not been investi-
gated.

A two-component polymer gel is formed when the
junctions involve interaction between two structurally

different polymers in a solution. This subject finds
widespread applications in food industry. For exam-
ple, galactomannan is often blended with xanthan as
additives in a variety of food products to form a mixed
gel.8,9 This synergistic gelation is attributed to the
interaction between the galactose-free segment of ga-
lactomannan and xanthan.10,11 Another example is the
thermal reversible gelation of starch and hsian-tsao
(Mesona procumbens Hemsl), a popular dessert in Tai-
wan and south China. Hsian-tsao polysaccharide is an
ionic heteroglycan extracted from hsian-tsao herbs,12

which becomes a gel in an aqueous solution when
heated and cooled in the presence of starch because of
the strong interaction between hsian-tsao and starch.13

Gelation caused by biopolymer mixtures is also an
important subject in biological and medical science.
For example, actin networks, composed of actin fila-
ments crosslinked by actin-binding proteins (ABPs),
play a central role in cell shape maintenance and cell
locomotion.14–16 The elasticity of actin/ABP mixed
gels is regulated by the type of ABPs with different
crosslinking activities.16

The structure of the network for two-component
polymer gels has been classified into three categories
based on the degree of phase separation and the type
of interaction between polymers by Morris:17

i. Interpenetrating networks: Two networks are
formed separately and interpenetrate each other.
No bonds are formed between them, but mutual
entanglements may be present.
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ii. Phase separated networks: The incompatibility
of the two polymers leads to a phase separated
network.

iii. Coupled networks: A gel network is formed due
to the intermolecular interaction between the
two structurally different polymers.

In this paper, we focus on the coupled network prob-
lem and try to establish the cascade formalism for a
coupled two-component polymer gel.

In contrast to the rich literature on the experimental
works for two-component polymer gels, there are rel-
atively few theoretical works of the network structure
of these gels. Pioneering work was reported by Stock-
mayer,18 who extended the statistical-mechanical the-
ory of network-forming condensation polymers19 to
two-component condensation polymers and obtained
the expressions for the weight-average molecular
weight and the gel point. Recently, Tanaka and
Ishida20 combined the lattice theory of polymer solu-
tions developed by Flory21 and the statistical expres-
sions for condensation polymers to construct the
phase diagrams for two-component polymer net-
works. These phase diagrams demonstrated the sol–
gel transition as well as the macroscopic phase sepa-
ration. After that, Tanaka22 used the cascade theory to
derive the expression for the molecular weight of con-
densation polymers carrying different species of func-
tional groups, where the limitation of pairwise reac-
tion imposed by Stockmayer was removed. Among
these works, no attempt has been made to explain the
elastic behavior of two-component polymer gels based
on the network structure.

In this paper, the cascade theory for a single-com-
ponent gel system is extended to model the network
for a coupled two-component polymer gel system.
The model is then used to predict the elastic modulus–
concentration profile and the gel point for a two-
component physical gel. Two approaches utilizing a
nonlinear curve fitting method are provided to extract
the model parameters from experimental data. Exam-
ples are given to illustrate the validity of the two
approaches.

CASCADE THEORY

The conventional cascade theory for a single-compo-
nent polymer network is constructed by assuming a
pairwise reaction between two functional groups
(crosslinking sites) of distinct repeat units

A � A 7 AA (1)

For physical gels, with each polymer chain containing
f functionalities (number of functional groups in a
polymer chain), the conversion � for the functional

groups can be readily determined by the equilibrium
relationship

K �
�

�C/M�f�1 � ��2 (2)

where K is the equilibrium constant for the reaction, C
is the polymer concentration, and M is the molecular
weight.

The polymer network is then constructed via the
branching process described in the cascade theory,23

which uses the probability generating function for a
binomial process of f trials as roots

F0��� � �1 � � � ���f (3)

where � is a dummy parameter. Equation (3) can be
reasoned as a binomial process with its success prob-
ability defined as the conversion of the functional
group. The termination of the branching process is
characterized by the extinction probability v, which
represents the probability of a link becoming extinct (a
finite link). The expression for v can be obtained by
taking the derivative of eq. (3)

v � �1 � � � �v�f�1 (4)

The physical meaning for eq. (4) is that a link is said to
be extinct when the rest of the functional groups are
either unreacted �1��) or reacted but becoming ex-
tinct afterward (�v). It is noted that not all the links in
a polymer network are elastically effective, but only
ties (links leading to infinite branches) are active. The
probability generating function for the number of ties
in a root T(�) is given by replacing � in eq. (3) by
� �1�v)

T��� � �1 � ��1 � v� � ��1 � v���f (5)

The concept of elastically active network chains
(EANC) proposed by Scanlan24 and Case25 is then
used to describe the elasticity of a polymer network.
The number of EANCs per repeat unit Ne can be
estimated by including only links with more than two
ties

Ne �
1
2�T��1� � T��0� � T��0�� (6)

The factor one half comes from the fact that the con-
tribution from each tie is counted twice.

We now consider the coupled two-component net-
work system. The network is composed of a mixture
of two polymers, each carrying functionalities, fA and
fB, interacting to form the crosslinking site of the net-
work. A pairwise reaction between functional groups
A and B at equilibrium is assumed
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A � B 7 AB (7)

It is noted that the conversions of the functional
groups, �A and �B, must obey the stoichiometric rela-
tionship

� CA

MA
� fA�A � � CB

MB
� fB�B (8)

where CA and CB, and MA and MB are the concentra-
tions and molecular weights of the two polymers,
respectively. The equilibrium expression is then writ-
ten in terms of �A and �B

K �
�A

�CB/MB�fB�1 � �A��1 � �B�
(9)

From the combination of eqs. (8) and (9), the values of
�A and �B can be estimated.

For coupled two-component polymer gels, the net-
work is constructed using two probability generating
functions F0A(�) and F0B(�) in a manner similar to eq.
(3)

F0A��A� � �1 � �A � �A�A�fA (10a)

F0B��B� � �1 � �B � �B�B�fB (10b)

The corresponding extinction probabilities vA and vB

can be obtained by using the argument that the extinc-
tion occurs when the functional groups are either un-
reacted or reacted but fails to proceed:

vA � �1 � �A � �AvB�fA�1 (11a)

vB � �1 � �B � �BvA�fB�1 (11b)

These two expressions are coupled and the extinction
probabilities must be estimated numerically by solv-
ing both equations simultaneously. Once the conver-
sions and the extinction probabilities are known, the
probability generating functions of the number of ties
TA(�) and TB(�) for the two polymers can be obtained
according to

TA��A� � �1��A�1�vB� � �A�1�vB��A�fA (12a)

TB��B� � �1��B�1�vA� � �B�1�vA��B�
fB (12b)

Equation (12) determines the statistical behavior of
the numbers of EANCs emanating from the two
polymers, NeA and NeB, which are thus expressed in
terms of TA(�) and TB(�), respectively, similar to eq.
(6)

NeA �
1
2�T�A�1� � T�A�0� � T �A�0��

�
1
2fA�A�1 � vB��1 � vA � �fA � 1�

	 �AvA�1 � vB�/�1 � �A � �AvB�]

(13a)

NeB �
1
2�T�B�1� � T�B�0� � T �B�0��

�
1
2fB�B�1 � vA��1 � vB � �fB � 1�

	 �BvB�1 � vA�/�1 � �B � �BvA�]

(13b)

It is evident that the numbers of EANCs in eq. (13)
depend on the functionalities, conversions, and extinc-
tion probabilities for both polymers. The last two vari-
ables are, in turn, determined by the equilibrium con-
stant and the functionalities.

EFFECT OF MODEL PARAMETERS ON THE
NUMBER OF ELASTICALLY ACTIVE

NETWORK CHAINS

For a single-component polymer gel of a specific poly-
mer concentration, the value of Ne can be readily
determined with the knowledge of f and K. For a
two-component polymer network, there are two con-
centrations (CA and CB) and two functionalities (fA and
fB). In the following discussion, we use C to denote the
total concentration, r the concentration ratio (CB/CA

ratio), and s the functionality ratio (fB/fA ratio).
We now examine the effects of these model param-

eters on the normalized Ne (Ne divided by f). All the
calculations are performed based on polymer molec-
ular weights of 2 	 106, a typical value for biopoly-
mers. Figure 1 shows the effect of functionality. The
curves for both polymers coincide with each other
since the concentration ratio and the functionality ra-
tio are taken as unity. Similar to the single-component
network system, the value of Ne/f increases with in-
creasing concentration and functionality. Equation
(13) suggests that the value of Ne/f is equivalent to
half the conversion multiplied by a modifying factor,
which is negligible at high concentrations and be-
comes significant near the gel point (v 
 1). As a
consequence, the increase in Ne/f with increasing con-
centration is somewhat parallel to that of conversion
above the gel point. Below the gel point, the extinction
probability becomes unity and all the network
branches are finite, thus leading to an Ne value of zero.

The effect of equilibrium constant on Ne/f is illus-
trated in Figure 2. The conversion and the number of
EANCs increase with increasing equilibrium constant.
The increasing trend with respect to concentration in
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Figure 2 is similar to that in Figure 1. It is noted that
the extinction probability for the K value of 106 L/mol
is so small that it cannot be seen in the graph.

The effects of s and r are quite different from those
of f and K. The deviation of these ratios from unity
causes a splitting of the curve in two. Figure 3 shows
the effect of the variation of s at a fixed fA. It can be
seen that NeA/fA increases with increasing functional-
ity ratio because of the increase in fB when the value of
fA is fixed. On the other hand, the curves for NeB/fB are
much lower than those for NeA/fA, and the larger the
s value, the larger the difference will occur. This dif-
ference is due to the shortage of functional groups A
to react with functional groups B at high s values. It is
noted that the extinction probability curves for A and
B almost overlap with each other and the curves shift
towards low concentration region at high s values. The
reduction in extinction probability at high s values
leads to a decrease in gel point, thus allowing the

presence of elastically active network chains at low
concentrations. The functionality ratio below unity is
not examined here since the polymer with function
group A is arbitrarily set as the polymer having the
lowest functionality.

Figure 4 demonstrates the effect of concentration
ratio on the gel network. It can be seen that �A in-
creases with increasing concentration ratio because of
an increase in the amount of functional groups B.
However, the change of NeA does not follow the same
trend since vA and vB may become higher at high
concentration ratios. The increase in v and gel point at
high r values is simply due to the fact that the change
of vA is coupled with vB, which increases significantly
when the concentration for functional groups A be-
comes lower, thus leading to an increase in vA. Figure
4 also shows that the value of NeB/fB is progressively
lower than that of NeA/fA at higher r values. The
curves for r � 1 are not shown because they overlap

Figure 2 Conversion, extinction probability, and Ne/f as a
function of concentration at different equilibrium constants
with r 
 1, s 
 1, and f 
 20. (a) Solid curves: conversion;
dotted curves: extinction probability; (b) Ne/f.

Figure 1 Conversion, extinction probability, and Ne/f as a
function of concentration at different functionalities with r

 1, s 
 1, and K 
 104 L/mol. (a) Solid curves: conversion;
dotted curves: extinction probability; (b) Ne/f.
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with those with r � 1. For example, the curves for r

 0.1 are identical to those for r 
 10 but the labels for
A and B are switched. This symmetry fails when the
value of s is different from unity.

ELASTICITY OF GELS

Clark and Ross-Murphy have proposed that the gel
modulus of a polymer gel can be approximated by the
elastic expression for a rubber7:

G � aRTNe�C/M� (14)

where RT denotes the entropy gain per mole of active
network chains during a relaxation process and a is
the front factor, reflecting deviations from ideal rubber
elasticity. For a coupled two-component polymer gel,

eq. (14) is rewritten by combining the contributions
from polymers A and B

G � aRT�NeA�CA/MA� � NeB�CB/MB�� (15)

The modulus for a specific concentration can be cal-
culated using eq. (15) if other parameters are known.
In contrast to the single-component polymer gel, two
more parameters, r and fB (or s), in addition to a, K,
and fA, are required to evaluate the gel modulus.
Practically, r is the parameter that can be adjusted by
the experimentalists while s is essentially the material
property of the system. In the following we will in-
vestigate the effects of these parameters on the elastic
behavior of gels. The result will provide a guideline
for making a first approximation of the model param-
eters from experimental data.

The gel modulus simply increases with increasing a,
K, or f, exactly like the behavior for a single-compo-

Figure 4 Conversion, extinction probability, and Ne/f as a
function of concentration at different concentration ratios
with s 
 1, fA 
 20, and K 
 104 L/mol. (a) Solid curves:
conversion; dotted curves: extinction probability; (b) Solid
curves: NeA/fA; dotted curves: NeB/fB.

Figure 3 Conversion, extinction probability, and Ne/f as a
function of concentration at different functionality ratios
with r 
 1, fA 
 20, and K 
 104 L/mol. (a) Solid curves:
conversion; dotted curves: extinction probability; (b) Solid
curves: NeA/fA; dotted curves: NeB/fB.
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nent polymer gel. Therefore the effects of these param-
eters are not examined here. Here, we focus on the
effects of r and s. Figure 5 illustrates the G versus C
curves at different values of r and s. The curves are
obtained by arbitrarily setting the temperature to be
298 K and the molecular weights for both polymers to
be 2 	 106. When the functionalities for both polymers
are identical [Fig. 5(a)], the gel modulus decreases as
the extent of the deviation of concentration ratios from
unity becomes larger, thus having the largest value at
r 
 1 for a specific polymer concentration. It can be
seen that the G versus C curves with reciprocal r
values overlap each other. For the gel systems with the
functionality ratios other than unity [Fig. 5(b)], the
largest values of moduli may not occur at r 
 1 and
the G versus C curves with reciprocal r values do not
overlap. At high s values, the G versus C curves with
r � 1 lies higher than those with r � 1, and vice versa.
This result suggests that the experimental G versus C
curves at different r values can be used to judge which

polymer contains more crosslinking sites. It also im-
plies that simultaneously using the G versus C curves
at several r values is required to ensure a proper
estimation of fA and fB on extracting the model param-
eters from experimental data.

Since the modulus–concentration data can be ob-
tained directly from experiments, a computer code
capable of curve fitting these data using eq. (15) was
developed. This method is named the gel-modulus
approach in this article. The program code was writ-
ten employing the Levenberg–Marquardt (nonlinear
least-squares optimization) algorithm,26 and allowing
data at various r values to be fitted simultaneously.
The best fit is obtained by minimizing the object func-
tion

�2 � ��Gi
exp � Gi

mod�2 (16)

It is noted that the parameters a and K are estimated
by the Levenberg–Marquardt algorithm while the
best-fit values of fA and fB to be found using a direct
search method because of their discrete nature.

Next we demonstrate the gel-modulus approach to
extracting the model parameters from modulus–con-
centration data. Unlike single-component polymer
gels, very few experimental modulus–concentration
data can be found in the literature. Goycoolea et al.27

have examined the synergistic gelation of xanthan
gum (XG) with locust bean gum (LBG) or konjac man-
nan (KM). They proposed that the binding site in-
volves the interaction of one segment of LBG or KM
with one segment of XG. This feature ensures that
their data can be used to demonstrate the elastic be-
havior of coupled two-component polymer gels.

Figure 6 shows the variation of gel modulus at

Figure 6 Testing of the elastic model using eq. (15) for
two-component gels of 0.1% (w/v) deacetylated xanthan
mixing with locust bean gum (LBG) or konjac glucomannan
(KM) (data from Goycoolea et al.27). The concentration on
the abscissa refers to LBG (F) or KM (E).

Figure 5 Concentration dependence of G at different con-
centration ratios with a 
 1, fA 
 20, and K 
 104 L/mol. (a)
s 
 1; (b) s 
 50.
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different concentrations of LBG or KM for the
LBG/XG or KM/XG mixed gels at 283 K, reported by
Goycoolea et al.27 It is noted that this figure is different
from Figure 5 by that the concentration of XG is fixed
at 0.1% (w/v) while that of LBG or KM, rather than the
total concentration, is allowed to change. It can be seen
that the gel modulus increases steadily with increas-
ing LBG or KM concentration, and then levels off at
high LBG or KM concentrations. Xanthan is known to
form a weak gel in aqueous solutions. Here we as-
sume that the elasticity of xanthan weak gel has a
minor contribution to the overall gel modulus and can
be neglected from the model. The extremely low val-
ues of gel moduli at low CLBG/CXG or CKM/CXG con-
firm this assumption.

The molecular weight of each polymer was not re-
ported in the original paper. Here we assume their
molecular weights to be approximately 106 in all cases,
which is considered to be reasonable for these poly-
saccharides. Once all the variables—temperature, in-
gredient concentrations, molecular weights—required
by the computer program are known, the data are
ready to be tested with the cascade equation.

The optimized value of the object function was ob-
tained at numerous set of fA and fB, and the results are
plotted in Figure 7. It is noted that several local min-
ima appear for both mixed gels. The uncertainty is due
to the scarcity of data points. This problem can be
eliminated if the G versus C curves were obtained at
different r values like Figure 5.

In Figure 7(a), the object function has the lowest
value when fLBG 
 30 and fXG 
 50. To verify the
validity of these figures, the chemical structure of
these polymers has to be considered. The primary
structure of LBG consists of a backbone of mannan
with randomly attached single galactose side chains.28

It has been proposed that the intermolecular associa-
tion between LBG and other polysaccharides occurs in
the region with more than six consecutive galactose-
free mannose residues.29 In view of the theoretical
prediction of the distribution of galactose-free mannan
blocks,30 a value of 30 for fLBG is somewhat lower than
the theoretical value. On the other hand, the primary
structure of xanthan gum is constructed via repeating
units composed of five monosaccharide residues. A
value of 50 for fXG implies that a junction zone is
formed in approximately every 20 repeating units
along the XG backbone. Therefore, both of the best-fit
values for fLBG and fXG are consistent with their chem-
ical structures.

For the KM/XG mixed gel, the object function has
the lowest value when fKM 
 500 and fXG 
 300 [Fig.
7(b)]. The fXG value is too high since it corresponds to
a junction zone occurring in every three repeating
units. The only reasonable functionality set in Figure
7(b) is the functionality set with fKM 
 50 and fXG 
 30.
The validity of the fKM value can be reasoned as fol-

lows: Konjac mannan is a glucomannan consisting of
mannose and glucose residues in a ratio of approxi-
mately 2 : 1, with a low degree of acetyl substituents
(6%).31 Gelation can be induced after deacetylation
by alkali treatment,32 indicating that the crosslinking
is formed via unsubstituted glucomannan backbone. It
has also been reported that the interaction of konjac
mannan with cellulose can be attributed to its unsub-
stituted mannan segments.33 Since the unsubstituted
mannan content in konjac mannan is higher than that
in LBG, it is reasonable to have fKM greater than fLBG.

The fitting parameters of the cascade equation are
listed in Table I. The front factors a in both cases are
close to unity, a typical value for rubbers, indicating
the entropic nature of the gel elasticity. This result also
suggests that the flexibility of the network strands for
LBG/XG or KM/XG mixed gels is similar to that of
ideal rubbers. This behavior seems to be in contradic-

Figure 7 The object function �2 as a function of function-
alities obtained by fitting the data of Figure 6 using eq. (15).
(a) LBG/XG mixed gels; (b) KM/XG mixed gels.
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tion to the stiffness of the helix structure of XG. A
possible explanation is that the segment of XG be-
tween junction zones does not adopt a helical confor-
mation, but rather a flexible conformation. It is also
possible that the attachment of mannan occurs on the
disordered segments of xanthan, as suggested by Goy-
coolea et al.27 The value of 50 or 30 for fXG in the
LBG/XG or the KM/XG system is consistent with this
model. In case of fKM 
 500 and fXG 
 300, the param-
eter a is even lower and unrealistic. It is also noted that
the equilibrium constants K for both mixed gels are
enormously high, reflecting that the heterogeneous
binding of XG with LBG or KM is a preferred reaction.

The G versus C curves generated by using the fitting
parameters in Table I generally agree with the exper-
imental data, as shown in Figure 6. The starting point
of the constant-modulus plateau of these curves can be
clearly identified at 1.67 and 0.60 for CLBG/CXG and
CKM/CXG, respectively. These points correspond to
the concentration ratios that satisfy the stoichiometric
equivalence

CLBG fLBG

MLBG
�

CXG fXG

MXG
or

CKM fKM

MKM
�

CXG fXG

MXG
(17)

The conversions for both polymers approach a value
of unity at these points simply because of the high K
values. With CXG fixed, below the stoichiometric
equivalence point, fLBG or fKM is almost completely
consumed, whereas, in the plateau regime (above the
stoichiometric equivalence point), fXG is almost com-
pletely reacted.

The model parameters obtained from Figure 6 can
be used to explain the composition dependence of the
enthalpy of gelation reported by Goycoolea et al.,27

where, with CXG fixed, the enthalpy of gelation
steadily increases with increasing CKM until it reaches
a constant value at high CKM (Fig. 8). The enthalpy
data were reported per gram of XG in ref. 27 and they
were replotted after normalized by �Hmax, the average
�H values at high CKM. By assuming that all the
crosslinking sites are identical and the enthalpy of
reaction is not affected by the reacted functionalities,
the conversion of XG can thus be approximated by the
normalized enthalpy of gelation. It can be seen that the
curve generated by using the cascade parameters in

Table I agrees fairly with the normalized data. It is
noted the lowest CKM in Figure 8 to achieve �Hmax
(CKM/CXG1) is somewhat higher than that to achieve
Gmax in Figure 6. This difference may be due to the
complexity of the binding reaction for the KM/XG gel.
However, the cascade formalism given in this article is
developed based on a simple reaction scheme, which
predicts the starting point of the constant–enthalpy
plateau occurring at CKM/CXG 
 0.6.

GEL POINTS PREDICTED BY THE CASCADE
THEORY

For a polymer gel system, the gel formation requires a
minimum polymer concentration, which is called the
gel point. The gel point is the concentration in Figures
1–4, where v 
 1 or in Figure 5 where G approaches
zero. The cascade formalism for polymer gel networks
provides a simple approach to estimating the gel
point: Below the gel point (i.e., the sol state), the
extinction probability is always unity, while, above
the gel point (i.e., the gel state), the extinction proba-
bility has a value less than unity. This fact indicates
that a critical condition will be encountered when
solving eqs. 4 or 11 at the sol–gel transition. For a
single-component polymer gel, the critical condition
can be readily obtained by finding the minimum of the
function of eq. (4)

� � �1 � � � �v�f�1 � v (18)

at the sol–gel transition, namely, calculating the criti-
cal conversion �0, which satisfies the following deriv-
ative

TABLE I
Fitting Results for the Modulus–Concentration Data in

Figure 6, using Eq. (15)

fLBG fKM fXG a
K

(L/mol)
�2

(Pa2)

LBG/XG gels 30 – 50 0.84 7.6 	 1010 2060
KM/XG gels – 50 30 0.48 2.1 	 108 148
KM/XG gels – 500 300 0.048 1.3 	 1019 139

Figure 8 Composition dependence of the enthalpy of ge-
lation for KM/XG mixed gels (data from Goycoolea et al.,27

only data set with CXG 
 0.1% (w/v) was used). The solid
curve represents the composition dependence of the conver-
sion of XG predicted by the cascade parameters in Table I.
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d�

dv �v � 1� � 0 (19)

The solution of eq. (19) leads to the classical Flory’s
result34

�0 �
1

f � 1 (20)

In a similar way the critical conversions for a coupled
two-component polymer gel can be obtained by eval-
uating the derivative of eq. (11) at v 
 1

�A0 � �rs�MA

MB
��

1⁄2
��fA � 1��fB � 1��

�1⁄2 (21a)

�B0 � �rs�MA

MB
��

�1⁄2
��fA � 1��fB � 1��

�1⁄2 (21b)

By combining aA0 and aB0, we find that eq. (21) is
reduced to the Stockmayer’s gelation condition18

�A0�B0 � 1/�fA � 1��fB � 1� (22)

The critical concentration (the sum of CA and CB) at the
gel point can then be calculated by substituting eq.
(21) into the equilibrium expression [eq. (9)]:

C0 �
�1 � r��A0MB

rKfB�1 � �A0��1 � �B0�
(23)

Equations (21) and (23) indicates that C0 is a function
of r, K, fA and fB, and MA and MB. Among these
parameters, MA and MB are determined experimen-
tally, while r can be adjusted by experimentalists to
produce mixed gels with different C0.

A mixed gel can be characterized by the composi-
tion dependence of C0, which is determined by K, fA
and fB. Equation (23) shows that C0 is simply inversely
proportional to K, whereas the effect of fA and fB is
somewhat complicated. Figure 9 illustrates the effect
of fA and fB on the composition dependence of C0. The
polymer molecular weights and the equilibrium con-
stant are arbitrarily set to be 2 	 106 and 104 L/mol,
respectively. The critical concentration is normalized
according to the C0 value at r 
 1 for each curve to
compare them in the same plot. It can be seen that
when fA 
 fB [Fig. 9(a)], C0 has a minimum at r 
 1 and
increases symmetrically away from the r 
 1 axis. The
normalized C0 versus r curve shifts downward with
increasing functionality. The result is similar to that
predicted by Figure 4, which shows that the critical
point (the concentration where v becomes unity) has a
minimum at r 
 1. At higher functionality ratios [Fig.
9(b)], the C0 versus r curves behave somewhat differ-

ent. The minimum value of C0 shifts leftward and the
curves of different functionalities almost overlap each
other in the left half, such that the symmetry no longer
exists.

The difference in Figure 9(a,b) shows that the C0
versus r curve strongly depends on the functionality
ratio. Figure 10 demonstrates the normalized C0 ver-
sus r curves at different s values. When fB � fA (s
greater than unity), the left part of the curve becomes
lower and the minimum value of C0 shifts leftward,
indicating that the formation of gel networks is fa-
vored in the region where CB � CA; when fB � fA (s less
than unity), the whole curve shift to the right, indicat-
ing that the formation of gel networks is favored in the
region where CB � CA. The strong dependence of C0
versus r curves on fA and fB suggests that they can be
used to estimate the parameters of the cascade model.
The advantages of using C0 versus r curves rather than
G versus C curves are that the empirical factor a does
not appear in eq. (23) and the C0 versus r curve can be

Figure 9 Composition dependence of the critical concen-
tration at different functionalities for polymer A with K

 104 L/mol. (a) s 
 1; (b) s 
 10.
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measured using a relatively inexpensive experimental
setup. This method is named the gel-point approach in
this article.

In the following, LBG/XG mixed gels are re-examined
to demonstrate the gel-point approach. The mixed gel
was prepared via mixing LBG (Sigma, St. Louis, MO)
with a mannose/galactose ratio of 3.28 (determined by
the alditol acetate method35) and XG (Aldrich, Milwau-
kee, MI) at room temperature in de-ionized water and
then heating to 85°C for 30 min. The molecular weights
of LBG and XG, estimated using the Mark-Houwink
equation,36,37 are 1.69 	 106 and 9.80 	 105, respectively.
The critical concentration was determined with a series
of mixed gels of different concentrations by the “test tube
upside-down” method.38

Figure 11 shows the experimental C0 versus r data
for the LBG/XG mixed gel, where r is defined as
CLBG/CXG. At first glance, the composition depen-

dence of C0 suggests a large fLBG along with a small
fXG, similar to the curves with high s values in Figure
10. Since xanthan is known to form a weak gel in
aqueous solution,39 we examined its effect on C0 by
measuring pure xanthan solutions using the “test tube
upside-down” method, which results in a C0 value
identical to that at r 
 0.01. This result indicates that
the gel network at the lowest r value is mainly due to
the self-association of xanthan, which is against the
nonself-association assumption in our model.

It is evident that, in the C0 measurement, significant
deviation from the ideal coupled network occurs at
low r values, consequently leading to an erroneously
high fLBG value. In the measurement of gel modulus,
the weak gel behavior does not interfere the measure-
ment since the network of weak gels breaks up under
a shear stress. Therefore, effort has been made to
bypass this problem by utilizing the data with r � 0.3
to fit eq. (23).

Some of the best-fit parameters obtained by using
the data with r � 0.3 are listed in Table II. The object
function in Table II is defined as the summation of the
square of the difference between the observed and the
calculated C0 values

�2 � ��C0i
exp � C0i

mod�2 (24)

It can be seen that the best-fit value for fXG is always
30, which is comparable to that obtained from the
modulus–concentration data. On the other hand, the
best-fit value for fLBG ranges from 30 to 10,000, or even
higher. Among them, the highest value gives the low-
est �2; however, this fLBG value is too high to be
realistic. If we compare the curves for fLBG 
 30 and
10,000 with the experimental data (shown in Fig. 11), it
turns out that both curves fit the data very well. The
uncertainty for the determination of fLBG is due to the
partial usage of the data in the left half and the minor
contribution of XG self-association to the fitted data,
which becomes worse at lower temperatures. Conse-
quently, it is concluded that the fLBG value cannot be
determined without ambiguity for LBG/XG mixed
gels by using the gel-point approach.

TABLE II
Best-Fit Results for the Critical

Concentration–Concentration Ratio Data in Figure 11,
using Eq. (23)

fLBG fXG K (L/mol) �2 (g2/L2)

30 30 450 3.54
50 30 260 2.97

100 30 130 2.64
1000 30 13 2.41

10,000 30 1.3 2.40

Figure 10 Composition dependence of the critical concen-
tration at different functionality ratios with fA 
 10 and K

 104 L/mol.

Figure 11 Composition dependence of the critical concen-
tration for LBG/XG mixed gels at 313 K (r defined as CLBG/
CXG).
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CONCLUSIONS

We have extended the cascade theory for single-com-
ponent polymer gels to describe the network for cou-
pled two-component polymer gels. The interaction
between the two components is assumed to follow a
pairwise reaction at equilibrium. The cascade network
is then developed using the probability generating
function for each repeating unit based on the branch-
ing theory. The probability generating function is a
function of the conversions and extinction probabili-
ties for both components, which are in turn deter-
mined by the equilibrium constant and the function-
alities for both components. Finally, we present the
expressions for the gel modulus and the gel point
derived from the cascade formalism.

The parameters of the cascade model for a specific
mixed gel system can be extracted from the experi-
mental data using a nonlinear curve fitting method. In
this article, we provide two approaches to estimating
these parameters: the gel-modulus approach and the
gel-point approach. The former involves using the G
versus C curves at different concentration ratios, while
the latter utilizes the C0 versus r curve at the critical
condition. We have demonstrated that both ap-
proaches could be applied to the analysis of galacto-
mannan/xanthan or glucomannan/xanthan mixed
gels. However, special care must be taken in interpret-
ing the result.

The abnormal behavior shown in the composition
dependence of C0 for galactomannan/xanthan mixed
gels reminds us that the gelation of two-component
polymer system is often a complicated process. The
model proposed in this paper is limited to the system
where the network is formed via the interaction be-
tween unlike polymers (coupled network). Despite the
complexity in most mixed gels, we hope that this
model can be used to explain or predict the elastic
behavior and the critical condition for the gel systems
caused by synergistic interaction between two struc-
turally different polymers. Investigation of the fitting
parameters can also shed some light on the nature of
the junction zones of these gels. Moreover, for future
research, our model serves as a starting point from
which specific models can be developed to describe
the network of mixed gels formed via other interaction
patterns.
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